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Abstract
Let E be a real reflexive Banach space which admits a weakly sequentially continuous duality mapping from E to E∗, and C be
a nonempty closed convex subset of E . Let {T (t) : t ≥ 0} be a nonexpansive semigroup on C such that F :=⋂t≥0 Fix(T (t)) 6= ∅,
and f : C → C be a fixed contractive mapping. When {αn}, {βn}, {tn} satisfy some appropriate conditions, the two iterative
processes given as follows:
xn = αn f (xn)+ (1− αn)T (tn)xn, for n ∈ N.
yn+1 = βn f (yn)+ (1− βn)T (tn)yn, for n ∈ N.
converge strongly to q ∈⋂t≥0 Fix(T (t)), which is the unique solution in F to the following variational inequality:
〈(I − f )q, j (q − u)〉 ≤ 0 ∀u ∈ F.
Our results extend and improve corresponding ones of Suzuki [T. Suzuki, On strong convergence to common fixed points
of nonexpansive semigroups in Hilbert spaces, Proc. Amer. Math. Soc. 131 (2002) 2133–2136] and Xu [H.K. Xu, A strong
convergence theorem for contraction semigroups in Banach spaces, Bull. Aust. Math. Soc. 72 (2005) 371–379] and Chen
[R. Chen, Strong convergence to common fixed point of nonexpansive semigroups in Banach space, Comput. Math. Appl.
http://www.sciencedirect.com/science/journal/03770427].
c© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
Let C be a closed convex subset of a real reflexive Banach space E , and let T : C → C be a nonexpansive
mapping (i.e., ‖T x − T y‖ ≤ ‖x − y‖ for all x, y ∈ C). We use Fix(T ) to denote the set of fixed points of T ; i.e.
Fix(T ) = {x ∈ C : x = T x}.
Let {T (t) : t ∈ R+} be a nonexpansive semigroup on a closed convex subset C of a Banach space E , i.e.,
(1) for each t ∈ R+, T (t) is a nonexpansive mapping on C ;
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(2) T (0)x = x for all x ∈ C ;
(3) T (s + t) = T (s) ◦ T (t) for all s, t ∈ R+;
(4) for each x ∈ X , the mapping T (·)x from R+ into C is continuous.
We put F =⋂t≥0 Fix(T (t)).
In [3], Shioji and Takahashi introduce in a Hilbert space the implicit iteration
xn = αnx + (1− αn) 1tn
∫ tn
0
T (s)xnds, n ∈ N, (1.1)
where {αn} is a sequence in (0,1), {tn} a sequence of positive real numbers divergent to ∞, and for each t ≥ 0 and
x ∈ C . Under certain restrictions on the sequence {αn}, Shioji and Takahashi [3] prove strong convergence of {xn}
to a member of F (see also [4]). In [2], Shimizu and Takahashi studied the strong convergence of the sequence {xn}
defined by
xn+1 = αnx + (1− αn) 1tn
∫ tn
0
T (s)xnds, n ∈ N (1.2)
in Hilbert space where {T (t) : t ≥ 0} is a strongly continuous semigroup of nonexpansive mappings on a closed
convex subset C of a Banach space E , tn ≥ 0, and tn →∞. Shioji and Takahashi [5] extended the results of [2]. They
studied the strong convergence of (1.2) and the following sequence for an asymptotically nonexpansive semigroup in
a Banach space:
xn = αnx + (1− αn) 1tn
∫ tn
0
T (s)xnds, n ∈ N. (1.3)
In [10] Chen and Yunyan Song studied the strong convergence of the following sequence (1.4) and (1.5) for a
nonexpansive semigroup T (t) : t ≥ 0 with F 6= φ in a Banach space:
xn = αn f (xn)+ (1− αn) 1tn
∫ tn
0
T (s)xnds, n ∈ N (1.4)
xn+1 = αn f (xn)+ (1− αn) 1tn
∫ tn
0
T (s)xnds, n ∈ N. (1.5)
In 2002, Suzuki [7] was the first to introduce again in a Hilbert space the following implicit iteration process:
xn = αnu + (1− αn)T (tn)(xn), n ≥ 1, (1.6)
for the nonexpansive semigroup case. In 2005, Xu [9] established a Banach space version of the sequence (1.6) of
Suzuki [7].
In this work, motivated by the above results, we study the viscosity approximation process for a nonexpansive
semigroup and prove another strong convergence theorem for a nonexpansive semigroup in Banach space, which is
defined by
xn = αn f (xn)+ (1− αn)T (tn)xn, ∀n ∈ N. (1.7)
yn+1 = βn f (yn)+ (1− βn)T (tn)yn, ∀n ∈ N. (1.8)
2. Preliminaries
Throughout this work, we denote by N and R+ the sets of positive integers and nonnegative real numbers,
respectively. Recall that a self-mapping f : C → C is a fixed contraction on C if there exists a constant α ∈ (0, 1)
such that
‖ f (x)− f (y)‖ ≤ α ‖x − y‖ , x, y ∈ C.
For a contraction on C and α ∈ (0, 1), there exists a unique point xα of C satisfying xα = (1− α)T (t)xα + α f (xα),
because the mapping x 7→ (1− α)T (t)x + α f (x) is contractive.
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It is assumed that E is a real Banach space with norm ‖·‖, and we let J denote the normalized duality mapping
from E into 2E
∗
given by
J (x) = { f ∈ E∗, 〈x, f 〉 = ‖x‖ ‖ f ‖ , ‖x‖ = ‖ f ‖}, ∀ x ∈ E,
where E∗ denotes the dual space of E and 〈·, ·〉 denotes the generalized duality pair. For in Banach space E , the
following result (subdifferential inequality) is well known (see reference [6]): ∀x, y ∈ E,∀ j (x) ∈ J (x),∀ j (x + y) ∈
J (x + y),
‖x‖2 + 2〈y, j (x)〉 ≤ ‖x + y‖2 ≤ ‖x‖2 + 2〈y, j (x + y)〉. (2.1)
In the sequel, we shall denote the single-valued duality mapping by j . A Banach space E is said to satisfy Opial’s
condition if for any sequence {xn} in E , xn ⇀ x (n →∞) implies
lim sup
n→∞
‖xn − x‖ < lim sup
n→∞
‖xn − y‖, ∀y ∈ E with x 6= y.
By Theorem 1 of [1], we know that if E admits a weakly sequentially continuous duality mapping, then E satisfies
Opial’s condition, and E is smooth; for the details, see [1].
Lemma 2.1 ([8]). Assume {an} is a sequence of nonnegative real numbers such that
an+1 ≤ (1− γn)an + δn, n ≥ 0,
where {γn} is a sequence in (0, 1) and {δn} is a sequence in R such that
(i) limn→∞ γn = 0;
(ii)
∑∞
n=1 γn = ∞;
(iii) lim supn→∞ δn/γn ≤ 0 or
∑∞
n=1 |δn| <∞. Then limn→∞ an = 0.
3. Main results
Theorem 3.1. Let E be a reflexive Banach space which admits a weakly sequentially continuous duality mapping J
from E to E∗; suppose C is a nonempty closed convex subset of E. Let {T (t) : t ∈ R+} be a nonexpansive semigroup
on C such that F(T ) 6= ∅, and f : C → C be a fixed contraction on C. Let {αn} and {tn} be sequences of real
numbers satisfying 0 < αn < 1, tn > 0 and limn→∞ tn = limn→∞ αntn = 0. Define a sequence {xn} in C by (1.7).
Then {xn} converges strongly to q, as n → ∞. q is the element of F such that q is the unique solution in F to the
following variational inequality:
〈( f − I )q, j (x − q)〉 ≤ 0 for all x ∈ F(T ). (3.1)
Proof. First, we show the uniqueness of solutions of the variational inequality (3.1). In fact, supposing p, q ∈ F
satisfy (3.1), we get that
〈( f − I )p, j (q − p)〉 ≤ 0. (3.2)
〈( f − I )q, j (p − q)〉 ≤ 0. (3.3)
Adding up (3.2) and (3.3), we have that
(1− α)‖p − q‖2 ≤ 〈(I − f )p − (I − f )q, j (p − q)〉 ≤ 0.
We must have p = q and the uniqueness is proved. Below we use p ∈ F to denote the unique solution of (3.1). Now
we show that {xn} is bounded, In fact, for any fixed x ∈ F , it follows from Eq. (2.1) that
‖xn − x‖2 = 〈αn( f (xn)− x)+ (1− αn)(T (tn)xn − x), j (xn − x)〉
= αn〈 f (xn)− f (x)+ f (x)− x, j (xn − x)〉 + (1− αn)〈T (tn)xn − T (tn)x, j (xn − x)〉
≤ αn ‖ f (xn)− f (x)‖ ‖ j (xn − x)‖ + αn〈 f (x)− x, j (xn − x)〉
+ (1− αn) ‖T (tn)xn − T (tn)x‖ ‖ j (xn − x)‖
≤ (1− (1− α)αn)‖xn − x‖2 + αn〈 f (x)− x, j (xn − x)〉.
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Therefore,
‖xn − x‖2 ≤ 11− α 〈 f (x)− x, j (xn − x)〉
≤ 1
1− α ‖ f (x)− x‖ ‖xn − x‖ . (3.4)
Therefore,
‖xn − x‖ ≤ 11− α ‖ f (x)− x‖ .
Thus {xn} is bounded, and so are {T (tn)xn} and { f (xn)}. We claim that {xn} is relatively sequentially compact. Indeed,
there exists a weakly convergent subsequence {xn j } ⊆ {xn} by reflexivity of E and boundedness of the sequence {xn},
and now we suppose xn j ⇀ p ∈ C( j → ∞). Now we show that p ∈ F . Put x j = xn j , β j = αn j and s j = tn j for
j ∈ N, fix t > 0. From
∥∥x j − T (t)p∥∥ ≤ [t/s j ]−1∑
k=0
∥∥T ((k + 1)s j )x j − T (ks j )x j∥∥
+ ∥∥T ([t/s j ]s j )x j − T ([t/s j ]s j )p∥∥+ ∥∥T ([t/s j ]s j )p − T (t)p∥∥
≤ [t/s j ]
∥∥T (s j )x j − x j∥∥+ ∥∥x j − p∥∥+ ∥∥T (t − [t/s j ]s j )p − p∥∥
= [t/s j ]β j
∥∥T (s j )x j − f (x j )∥∥+ ∥∥x j − p∥∥+ ∥∥T (t − [t/s j ]s j )p − p∥∥
≤ tβ j/s j
∥∥T (s j )x j − f (x j )∥∥+ ∥∥x j − p∥∥+max{‖T (s)p − p‖ : 0 ≤ s ≤ s j }.
For all j ∈ N, we have
lim sup
j→∞
∥∥x j − T (t)p∥∥ ≤ lim sup
j→∞
∥∥x j − p∥∥ .
Since Banach space E has a weakly sequentially continuous duality mapping satisfying Opial’s condition [4], this
implies T (t)p = p. Therefore p ∈ F(T ). In inequality (3.4), replace p with x to obtain
‖x j − p‖2 ≤ 11− α 〈 f (p)− p, j (x j − p)〉.
Using that the duality map J is single-valued and weakly sequentially continuous from E to E∗, we get that
lim
j→∞
∥∥x j − p∥∥2 ≤ lim
j→∞
1
1− α 〈 f (p)− p, j (x j − p)〉 = 0,
namely,
x j → p as j →∞.
Hence, {xn} is relatively sequentially compact, namely there is a subsequence {xn j } ⊆ {xn} which strongly converges
to p, as j → ∞. Next we show that p is a solution in F to the variational inequality (3.2). In fact, for any x ∈ F ,
from Eq. (3.1) and the inequality
〈T (tn)xn − x, j (xn − x)〉 ≤ ‖T (tn)xn − x‖ ‖xn − x‖ ≤ ‖xn − x‖2
we obtain that
‖xn − x‖2 = αn〈 f (xn)− xn, j (xn − x)〉 + αn〈xn − x, j (xn − x)〉
+ (1− αn)〈T (tn)xn − T (tn)x, j (xn − x)〉
≤ αn〈 f (xn)− xn, j (xn − x)〉 + ‖xn − x‖2.
Therefore
〈 f (xn)− xn, j (x − xn)〉 ≤ 0. (3.5)
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Since the sets {xn − x} and {xn − f (xn)} are bounded and the duality mapping J is single-valued and weakly
sequentially continuous from E to E∗, for any fixed x ∈ F , set {xn j } → p( j →∞). We have
〈 f (p)− p, j (x − p)〉 = lim
j→∞〈 f (x j )− x j , J (x − x j )〉 ≤ 0.
This p ∈ F(T ) is a solution of variational inequality (3.1); hence p = q by uniqueness. In summary, we have proved
that {xn} is relatively sequentially compact and each cluster point of {xn} (as n →∞) equals q . Therefore xn → q as
n →∞. The proof is completed. 
Theorem 3.2. Let E be a reflexive Banach space which admits a weakly sequentially continuous duality mapping J
from E to E∗; suppose C is a nonempty closed convex subset of E. Let {T (t) : t ∈ R+} be a nonexpansive semigroup
on C such that F(T ) 6= ∅, and f : C → C be a fixed contraction on C. Let {βn} and {tn} be sequences of real
numbers satisfying 0 < βn < 1,
∑∞
n=1 βn = ∞, tn > 0 and limn→∞ tn = limn→∞ βntn = 0. The sequence {yn} in C
is generated by (1.8). Then {yn} converges strongly to q, as n → ∞. q is the element of F such that q is the unique
solution in F to the variational inequality (3.1).
Proof. First we show that {yn} is bounded. In fact, for any fixed y ∈ F , it follows that
‖yn+1 − y‖ ≤ (1− βn) ‖T (tn)yn − y‖ + βn ‖ f (yn)− y‖
≤ (1− βn) ‖yn − y‖ + βn ‖ f (yn)− f (y)‖ + βn ‖ f (y)− y‖
≤ (1− (1− β)βn) ‖yn − y‖ + βn ‖ f (y)− y‖
≤ max
{
‖yn − y‖ , 11− β ‖ f (y)− y‖
}
.
By induction,
‖yn − y‖ ≤ max
{
‖yn − y‖ , 11− β ‖ f (y)− y‖
}
, n ∈ N.
Thus {yn} is bounded, and so are {T (tn)yn} and { f (yn)}. It follows from Theorem 3.1 that there is a unique solution
q ∈ F to the following variational inequality:
〈( f − I )q, j (u − q)〉 ≤ 0 for all u ∈ F.
Next we show that
lim sup
n→∞
〈( f − I )q, j (yn+1 − q)〉 ≤ 0. (3.6)
Indeed, we can take a subsequence {yn j } of {yn} such that
lim sup
n→∞
〈( f − I )q, j (yn+1 − q)〉 = lim
j→∞〈( f − I )q, j (yn j+1 − q)〉.
We may assume that {yn j }⇀ p by reflexivity of E and boundedness of the sequence {yn}. Now we show that p ∈ F .
Put y j = yn j , β j = βn j and s j = tn j for j ∈ N, fix t > 0. We have
∥∥y j − T (t)p∥∥ ≤ [t/s j ]−1∑
k=0
∥∥T ((k + 1)s j )y j − T (ks j )y j∥∥
+ ∥∥T ([t/s j ]s j )y j − T ([t/s j ]s j )p∥∥+ ∥∥T ([t/s j ]s j )p − T (t)p∥∥
≤ [t/s j ]
∥∥T (s j )y j − y j+1∥∥+ ∥∥y j+1 − p∥∥+ ∥∥T (t − [t/s j ]s j )p − p∥∥
= [t/s j ]β j
∥∥T (s j )y j − f (y j )∥∥+ ∥∥y j+1 − p∥∥+ ∥∥T (t − [t/s j ]s j )p − p∥∥
≤ tβ j/s j
∥∥T (s j )y j − f (y j )∥∥+ ∥∥y j+1 − p∥∥+max{‖T (s)p − p‖ : 0 ≤ s ≤ s j }.
So for all j ∈ N, we have
lim sup
j→∞
∥∥y j − T (t)p∥∥ ≤ lim sup
j→∞
∥∥y j+1 − p∥∥ = lim sup
j→∞
∥∥y j − p∥∥ .
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Since Banach space E has a weakly sequentially continuous duality mapping satisfying Opial’s condition [4], this
implies T (t)p = p. Therefore p ∈ F . In view of the variational inequality (3.1) and the assumption that duality
mapping J is weakly sequentially continuous, we conclude
lim sup
n→∞
〈( f − I )q, j (yn+1 − q)〉 = lim
j→∞〈( f − I )q, j (yn j+1 − q)〉
= 〈( f − I )q, j (p − q)〉 ≤ 0.
Eq. (3.6) is proved. Finally, we show that xn → q . As a matter of fact, from (2.1),
‖yn+1 − q‖2 = ‖(1− βn)(T (tn)yn − q)+ βn( f (yn)− q)‖2
≤ (1− βn)2 ‖T (tn)xn − q‖2+2βn〈 f (yn)− q, j (yn+1 − q)〉
≤ (1− βn)2 ‖yn − q‖2+2βn〈 f (yn)− f (q), j (yn+1 − q)〉 + 2βn〈 f (q)− q, j (yn+1 − q)〉
≤ (1− βn)2 ‖yn − q‖2+2βnβ ‖yn − q‖ ‖yn+1 − q‖ + 2βn〈 f (q)− q, j (yn+1 − q)〉
≤ (1− βn)2 ‖yn − q‖2+βnβ(‖yn − q‖2+‖yn+1 − q‖2)+ 2βn〈 f (q)− q, j (yn+1 − q)〉.
It follows that
‖yn+1 − q‖2 ≤ 1− (2− β)βn + β
2
n
1− βnβ ‖yn − q‖
2+ 2βn
1− βnβ 〈 f (q)− q, j (yn+1 − q)〉
≤ 1− βnβ − 2(1− β)βn
1− βnβ ‖yn − q‖
2+ 2βn
1− β 〈 f (q)− q, j (yn+1 − q)〉 + β
2
nM
= (1− 2(1− β)βn
1− βnβ ) ‖yn − q‖
2+ 2βn
1− β 〈 f (q)− q, j (yn+1 − q)〉 + β
2
nM
≤ (1− 2(1− β)βn) ‖yn − q‖2+βn
(
2
1− β 〈 f (q)− q, j (yn+1 − q)〉 + βnM
)
where M > 0 is a constant.
That is
‖yn+1 − q‖2 ≤ (1− γn) ‖yn − q‖2+δn, (3.7)
where γn = (2(1− β)βn) and δnγn = 1(1−β)2 〈 f (q)− q, j (yn+1 − q)〉 + M2(1−β)βn .
It is easily seen that γn →∞,∑∞n=1 γn = ∞, and (noting (3.6))
lim sup
n→∞
δn
γn
= lim sup
n→∞
1
(1− β)2 〈 f (q)− q, j (yn+1 − q)〉 +
M
2(1− β)βn
= lim sup
n→∞
1
(1− β)2 〈 f (q)− q, j (yn+1 − q)〉 ≤ 0.
Using Lemma 2.1 on (3.7), we conclude that yn → q .
The proof is completed. 
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